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A certain convergence notion for extended real-valued functions, which has been
studied by a number of authors in various applied contexts since the latter 1960s, is
examined here in relation to abstract optimization problems in normed linear
spaces. The main facts concerning behavior of the optimal values, the optimal
solution sets and the ¢-optimal solution sets corresponding to ‘“convergent”
sequences of such problems are developed. General linear perturbations are incor-
porated explicitly into the problems of the sequence, lending a stability-theoretic
character to the results. Most of the results apply to nonconvex minimization.

1. INTRODUCTION

This paper treats “convergent” sequences of implicitly constrained,
linearly perturbed optimization problems of the form

P(v): minimize f(x) — (x, v) over x € X. (1.1)

We assume f: X — [—o0, + oo ] and that X is a real normed linear space with
topological dual V. We write (x, v) to denote the value of v € V at x € X.
Our objective is to examine the behavior of the optimal value of P(v),

w(v) = inf{ f(x) — (x, v)}, (1.2)

and for ¢ € [0, +o0) the sets of e-optimal solutions of P(v),
Qv,e) = {x € X| f{x)—{x,v) < e+ w@), (1.3)
as the problem elements f and v are allowed to range over convergent
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sequences and ¢ tends toward zero. We regard all problem constraints as
being embodied in f; via the use of the possible function value +co.

Other work involving approximating sequences of optimization or
variational problems, carried out in a spirit roughly similar to that followed
here, can be found, for example, in Refs. [3-9, 13, 15-20, 24-27, 29-31,
34-37, 41, 4446, 48-49]. In these sources one can find many further
references to related work in a wide variety of areas of application, including
approximation, nonlinear programming, stochastic optimization, control
theory, free boundary problems, evolution equations, variational problems
with obstacles, and others.

The various sequences involved will be indexed with the subscript a,
ranging over the values 1, 2,... co. The convergence v, — v, considered here
with regard to problem P(r) will usually be in the strong (i.e., norm)
topology on F, although certain refinements will involve merely weak or
weak* convergence.

A key issue is what notion to use for the convergence f, — f. It turns
out, perhaps surprisingly, that the notion most natural for the present work is
not ordinary pointwise convergence of functions. but rather a distinctly
different yet subtly related convergence notion., one arising from both
geometric and technical considerations. It can be defined in terms of
epigraphs, that is, the sets of the form

epif={(x,u) EX X R| f(x)<ulf,
as follows: f, — f_ if and only if
w-lim epi f, < epi /.  s-lim epi f,,. (1.4)

Here, s-lim and w-lim denote the usual /imit inferior and limit superior of a
sequence of sets, except taken in the strong (i.e., norm) and weak topology,
respectively. Thus,

S-li_m epl fa = {s_lim(xn’tua) ’ (xn’tua) € epl fa* Va e (a)}

and

wim epi £, = {w-lim(xs. i15) ] (x5 i15) € epi Sy, VB E (B). Y() < ()},

where (a) denotes the sequence 1, 2,... (excluding oo) and we write simply
(8) < (a) to denote a subsequence (f) of (a). In words, (1.4) says that (a)
each point of epi f, is realizable as the strong limit of a sequence drawn
from the epi f,’s, and (b) epi f,, contains each weak subsequential limit of
each sequence drawn from the epi f,’s. Alternatively, (1.4) can be regarded
as saying that the set-valued mapping a—epif, is (a) strongly lower
semicontinuous at a = oo, and (b) weakly upper semicontinuous at @ = oo.
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Mosco [35] was the first to consider this specific convergence notion
(1.4), with its crucial distinction between weak and strong topologies, while
the finite-dimensional case was considered a bit earlier by Wijsman [45, 46].
Salinetti and Wets [41] have given detailed study to comparing and
contrasting the present notion f, — f,, with ordinary pointwise convergence
(see also Marcellini [29]; Attouch (4, Prop. 1.19], [5, Prop. 1.7]; Denkowski
[17]; and Dolecki et al. [20]).

Depending on the particular space X under.consideration, variants of (1.4)
may be appropriate, sometimes yielding refined results. When X is the dual
of some other normed linear space V,, for example, many of the results
below admit variants/refinements in which the role of w-lim epi £, (cf. (1.4))
is played by w*-limepi f,, involving the weak* topology induced on X by
V,. As another example, in a discussion involving spaces paired in duality.
the strong topology in (1.4) would generally be replaced by the Mackey
topology (cf. Joly {24, 25]).

The paper is organized as follows. Section 2 gives certain background
dealing with f, — f,, and with convex analysis. In Sections 3—4 the general
behavior of w(v) and 2(v,¢) is examined for convergent sequences of
problems P(v). For example, in Section 4, concerning the set 2 (v, 0) of
exact solutions to the limit problem P_(v,), Theorem 4 provides strong
“necessary conditions” in terms of the sets Q,(v,,0) as a— oo, while
Theorem 5 provides quite weak “sufficient conditions™ applying to
nonconvex problems in terms of the sets 2,(v,,e,) as a—oo. In
Sections 5-6 the idea of sufficiency as embodied in Theorem 5 is explored in
more detail, with several variants and refinements obtained. Among them, we
point out in particular Theorem 10 of Section 6 and the remarks following it.
In Section 7 we see that significant refinements of the earlier results are
possible when X is finite dimensional. Throughout Sections 4-7, some of the
results are also derived in dual form, yielding for nonconvex functions new
technical properties of f,— f_ involving both function values and e-
subgradients.

2. PRELIMINARIES

Throughout the paper, whenever a collection of functions f,,f;.... fie
appears it is assumed that f :X - [—o0, +oo| for each a=1,2..., o0,
where X is some fixed real normed linear space having topological dual V.
Additional hypotheses on X and/or the f,’s will be explicitly introduced as
needed. The symbol B will always denote the unit ball centered at the origin.

Insight into the nature of the convergence defned by (1.4) is given by the
following characterization in terms of function values.

640 35:4.2
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LEMMA 1 (Mosco [35, Lemma 1.10]). (a) One has epi f,, C s-lim epi f,,
if and only if for every x_, there exists a sequence (x,) such that

xp=slimx, and  Tim f(x.) <[ (x)-
(b) One has w-lim epi f, = epi f,, if and only if

SoolXoo) < Him fi(x4)
holds whenever (f) < (a) and x,, = w-lim x,.

It is not hard to show that in Lemma 1(b) it is enough to take just the
single, trivial subsequence (f) = ().

COROLLARY. If f,— f. . then for every x, there exists a sequence (x,)
such that

X, = s-lim x, and  f.(x,)=Ilim £, (x,).

We recall next several notions from convex analysis. For further
background on this one can consult, for example, Moreau [33], Brendsted
[11], Rockafellar [40], Laurent [28], or Ekeland and Temam [22].

For any function f: X » [—oc0, +00], the set

dom f={x€ X | f(x) < +o0}

is the effective domain of f. We say f is proper provided f is never —oo and

not identically +co, and that f is convex provided epi f is convex in X X R.
Following Fenchel [23], we say that the conjugate of f (not assumed here

to be convex or even proper) is the function f*: V- [—o0, +00] given by

JH)=sup {{x, v) — ). (2.1)

Immediately from (2.1), (1.2) one has
w(v) = —f*(v). (2.2)

One can consider also the biconjugate of f, which is the function f** on X
given by

J**(e) = sup {{x, v) —/*(v)}- (23)

It is weakly lower semicontinuous and convex. One has f* proper only if f
is proper. On the other hand, f* is never —co when f is not identically +o0,
and f* is not identically +oo provided f admits at least one weakly
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continuous affine minorant. In the latter case, f** coincides with the iargest
weakly lower semicontinuous convex minorant of f. It follows that

Srr=s (2.4)

when f is proper convex and weakly lower semicontinuous.

When X is a dual space, say the dual of I, then one can take the
supremum in (2.3) just over V,. Here, f** is never —oo provided f admits
at least one weak * continuous affine minorant, in which case f** coincides
with the largest weak* lower semicontinuous convex minorant of f.
Therefore (2.4) holds when f is proper convex and weak* lower semicon-
tinuous.

For any f1X—[—00,+0] and any ¢ € [0, +0), let us define the -
subdifferential of f to be the multifunction 4, f: X —» V given by

vE I, flx) < fxX)>f)—e+ (' —x, ). YX' EX. (2.5)

The image sets &, f(x) are weak* closed and convex, although possibly
empty. Using (1.2), (1.3), (2.1) and (2.2), one can check easily that, for any
XEX, vEV and e € [0, +0), the following five conditions are pairwise
equivalent:

x € (v, €), (2.6)
w(v) <S() — (x,0) <& + (o) 27
inf /()= (¥ =X O} S <o +inf ()= (r—x 0}, (28)
F¥@) = e < (x,0) —f(x) <[ *), (2.9)
vE I, f(x) (2.10)
We shall use also the multifunction J¥ f*: V' — X defined by
XEa¥f*(v) PN X2 f*w)—e+ v —v), Yo' EV. (2.11)

The image sets % f *(v) are weakly closed and convex, and possibly empty.
The inequality /> f** and characterization (2.9) yield that in general

vE O, f(x)=x € TFf*(), (2.12)
while the converse implication holds provided f(x)=/**(x).
The biconjugate f** on X defines a problem in the same way f defines

P(v). We say the closed convex regularization of P(v) is the problem

P(v): minimize f**(x) — {x, v) over x € X. (2.13)
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To this problem we associate an optimal value and approximate optimal
solution sets just as in (1.2), (1.3):

() =inf | £**(x) = (x, )}, (2.14)

Qv,e) = {xEX|f*¥*(x) — (x, ) < e + B(v)}. (2.15)
From (f**)* =f* one obtains immediately that
o(v) = w(v). (2.16)
Since 8, f**: X — V is given by
VEDf¥*(x) <« [E*xD)>SfFF*x)—e+{x'—x,0), VX' EX, (2.17)

one can also check easily that the following five conditions are pairwise
equivalent:

x € (v, ¢), (2.18)
a(v) <f**(x) — (x, v) < e+ @), (2.19)
il;f () = (o)l P <e + if;f {(f**() = (y—x, v} (2.20)

SHRE) — e < (xv) —f*H(x) <), (2.21)
v E 8, f**(x). (2.22)

Finally, observe that when X is the dual of some other space, say V,c V,
then the preceding three paragraphs still apply with

V, 0, f, weak*, 0¥ f*, weakly, 0, f **
replaced everywhere, respectively, by
Vo, OFf, weakly, 8, f*, weak*, oF f**.

We close this section by recalling two basic theorems concerning f, — /.
In view of (2.2) and the equivalences among (2.6)}-(2.10), they go far toward
establishing the appropriateness of definition (1.4) to our present study, at
least in the convex case.

THEOREM 1. Assume X is a reflexive Banach space and that each
Sfunction f, fy...., foo is proper convex and norm lower semicontinuous. Then
one has f,—f ifand only if fX-f%.

This theorem was established by Wijsman [45,46] in the finite-
dimensional case. Independently, Walkup and Wets [43] established for
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reflexive Banach spaces a closely related result involving polar cones. Their
result, incorporating a metric viewpoint, is in a sense stronger and, as was
pointed out by R. T. Rockafellar, implies Theorem 1 (see [40,
Theorem 14.4]). Theorem 1 per se was established for reflexive Banach
spaces by Mosco [36] and Joly [24,25]. Theorem 3 in Section 3 can be
regarded as a nonconvex counterpart of Theorem 1.

For the second background theorem we adopt the notation

G@of)={(x ) EXXV|x€E by f(x)}

THEOREM 2. Assume X is a Hilbert space and that each function
S1s Jroeo fo 1S proper convex and norm lower semicontinuous. Then one has

[~ S if and only if
() wlim G(@,f,) < Gy f.,)  s-lim G(3, f,) and
(ii) there exist pairs (x,,v,) € G(0,f,) for a=1,2..., co such that

(o v) =slim(x,,0,)  and  fo(x,)=lim £, (x,).

This theorem is due to Attouch [3, 5|, who also gives other charac-
terizations in terms of resolvants and Yosida approximants (see also Brézis
[10]). Matzeu [30] has proved a result for separable reflexive Banach spaces
which is similar to Theorem 2 but with the roles of the weak and strong
topologies intermixed; see also Boccardo and Marcellini [9]. The “only if”
half of Theorem 2 is extended in a number of ways by Theorems 4 and 5 of
Section 4.

3. BEHAVIOR OF w(v) FOR CONVERGENT SEQUENCES OF PROBLEMS P(v)

To each f, in a collection of functions f,, f,..., f,, we associate an
optimization problem of the type (1.1), denoted by P_(-), together with
optimal value w,(-) an approximate solution sets £2,(-, -) given by (1.2) and
(1.3), respectively.

The following result has essentially been observed already by Salinetti and
Wets [41, p. 223].

PROPOSITION 1. Assume X is a reflexive Banach space and that f,— [,
where each function f| f,,..., [, is proper convex and norm lower semicon-
tinuous. Then for every v, there exists (v,) such that

U =slimv,, w, (vy)=limw,(v,)

Proof. By Theorem 1, f* - f*. For any v we can thus apply the
Corollary to Lemma 1 and appeal to (2.2).
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We turn now to the nonconvex case. The following result will play a key
role in several subsequent results.

LEMMA 2. Assume that epi [, < s-lim epi f,. Then one has
(Vo) > lim wy(v,) (3.1)

whenever (f) < (a) and v, =w-limv, in V. If X is a Banach space, then
(3.1) holds whenever v, =w*-limuv, in V. If X is the dual of some other
normed linear space V., then (3.1) holds whenever v,, = w-limvg in V.

Progf. Let (f) < (a) and (v,), v, be given satisfying any of the alternate
hypotheses. By (1.2), inequality (3.1) is equivalent to the condition

fi,(x) = (v, > lim mf {(0)—(»vph Vx € X.

Under any of the alternate hypotheses one has (x, v ) =lim{x, v,) for each
X € X and also

Ir < 4o such that ||v,] <, vBE B) (3.2)
(e.g., [47, pp. 120 and 125]). In particular, for (3.1) it suffices to prove that

fw(x)>mi1;f{fﬂ()r)— (y—x, vt ¥x € X.

Let x € X. By Lemma I(a), there exists (x,) such that
x=slimx,, lim £, (x,) < fio (%)
From
Salxg) — (xp,05) 2 mf {f5(¥) = (» o)}
and also (using (3.2))

e = xg, 0g) < Ix = x4 - JJwgll < riloxg = x|,
we obtain

rlxg — x| +/5(x5) 2 il;f{fa(y) —{y—x 05}

for any g € (). Therefore

0 + /(%) > lim r || x; — x|| +Hafg(xg)>ﬁa i?f{fn()’) —(y—x, 05}

as desired.
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In the next result we employ a modification of the notation (1.2):

vre [0, o), o' (v)= “i&f {f(x)— (x, v)}. (3.3)

LEMMA 3. Assume X is a reflexive Banach space and that w-lim epi f,
epi ., where f, is not identically +co. Then

wi(vg) <limwj(v,) (3.4)
holds whenever r € (7, +o0) and v, = s-limv,, where
F=inf{p|3x Edom £, | x| =p!-

Proof. Note that dom f, +# @ yields 7 < +c0. Now suppose (3.4) failed
for some r € (7, +o0) and some v, = s-limv,. Then w/ (v) € R and there
exist (f) = (@) and ¢ > 0 satisfying

wp(vg) S W (v) — 36, VBE (B).
Hence, there exists (x;) such that
[xglf v and  fylxp) = (oo 0p) S Wi (v0) =26, VB E (B).

By reflexivity, there exist (y) < (8) and x, such that x, = w-lim x.. Pick 7 so
that

|<Xy, vy) - <xoc ’ Uoo>| g €. V‘}’ > }7

Then for each y > y we have

Slx,) < (x,. 0,0 +wi(vy,) — 26
X b)) +wi(v,)— ¢

SolXer)-

Therefore lim fi(x,) <[, (x,), where x,=w-limx, By Lemma I(b), this
contradicts our hypothesis. Thus, (3.4) holds whenever r € (7, +00) and
v, =slime,.

THEOREM 3. Assume that X is a reflexive Banach space and that
Jo =S where [ is not identically +oco. Suppose there exist r < +c0 and @
such that f,(x)=+oo for all || x|| > r and a = a,..., ©. Then w, — w_,, and
moreover,

W, (V) =limw,(v,) (3.5)
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holds whenever v, = s-limv,. More generally, (3.5) holds if v =s-limo,
and there exist r < +oo0 and & such that w (v,) = w'(v,) for all a = a...., .

Progf. Combine Lemmas 1, 2 and 3.

4. BEHAVIOR OF (v, ¢) FOR CONVERGENT SEQUENCES OF PROBLEMS P(v)

We begin by establishing for the convex case a strong “necessary
condition” which must be satisfied by the exact solutions of the limit
problem P_(v,,) in relation to the solutions of the approximating problems
P,(v,)-

THEOREM 4. Assume X is a reflexive Banach space and that f, - f,.,
where each function f, f,,..., [, is proper convex and norm lower semicon-
tinuous. Then for every v, and every x, € 2, (v, 0), there exist (v,) and
(x,) satisfying

vy, =slimuv,, 0(Vy) =lim w,(v,),
X =slimx,, x, € R, (v,,0).

Proof. By (2.2) and the equivalence (2.6) < (2.10) for £ =0, it suffices
to establish the following: If (x,.,v.)€ G(3,f,), then there exists a
sequence of pairs (x,,v,) € G(,f,) such that

(X s Vo) = s-lim(x,,v,), (4.1)
SEwg) =lim f¥(v,). (4.2)

We argue by contradiction. Suppose (4.1) fails, i.e., that (x_,, v,) € G(3, f.)
and there exists an ¢ > 0 for which

G(90fa) N [(Xeos Vo) + 26B] =2 (4.3)
occurs for infinitely many o’s, say on a subsequence (f)c< (a). Here,

B={(x,0)eXXV||x|* +lv]*<1}. By Theorem! we can apply
Lemma 1(a} in V as well as in X to obtain sequences (x,) and (v,) satisfying

x, =slimx,, lim £, (x,) <fiu(Xeo)s (4.4)
vy =slimv,,  limf¥,) <fE0a)- (4.5)

We now claim there exists § such that

[oeg) +fFWg) = Ceguvg) > 4, YBSP, (4.6)
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where A = (¢2)/2. Using (4.4) and (4.5), pick 8 so that
(X5, V5) € (X, V) + €B, VBB 4.7
Now let > 8 be given, and suppose that
So(xp) + 5 (vg) = (xpovp) <A (4.8)

This means that v, € d, f5(x;). Hence, the lemma of Brondsted and
Rockafellar [12] implies that there exists a pair (x, v) € G(&, f;) satisfying

lx—xgl VA o =05l < VA

These imply (x,v)€ (x;,v;) + €B, which combines with (4.7) to yield
(X. V) € (X4 Uy) + 26B. Since also (x, v) € G(J, f3). this contradicts (4.3).
We conclude that (4.8) fails for each > f, i.e., that (4.6) holds. Now
combining (4.6) with (4.4) and (4.5), we obtain

SoolXe) +fE(ve) 2 1im £, (x,) +1im f(v,)
> lim(f, (x,) +/*(v,))
> im(f(x5) +/5(v5))
> A+ lim(x;, vg)
=4+ (Xeoy U )-

But this conflicts with f_(x,) +/f¥(v,) < {(x,, Uy ) Which foilows from the
assumption (x,,v,)€ G(9,f,)- This contradiction proves there exists a
sequence of pairs (x,,v,) € G(@, f,) such that (4.1) holds. We now show
that (4.2) also holds for any such sequence of pairs. By Theorem 1, we can
apply Lemma 1(b) in V to obtain

SEe) <lim f3(v,) (4.9)
and Lemma 1(a) in /" to obtain a sequence (v)) satisfying
U, =s§-limov), lim f*(0)) <fE V) (4.10)

For each a, (x,,v,) € G(d,f,) yields

SEW)2LEWa) + (xgh 5 — 1)

Taking the limit superior throughout this inequality yields, in view of
lim{x,, v, —v,)= (X4. U, — Uy =0, the inequality

lim f¥(vy) > im((x,, v~ 0,) +£2(v,)) =lim fE(,).  (4.11)

Combining (4.11), (4.10), (4.9) yields (4.2), completing the proof.
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Happily, it turns out that an extremely weak “sufficient condition” applies
quite broadly to the exact solutions of P (v ) in relation to the approximate
solutions of the approximating problems P_{v,). Any real normed linear
space will do, and the f,’s need not be convex or even lower semicontinuous.

THEOREM 5. Assume f,—of . . Let (f)c(a) and corresponding
sequences (xz), (v3), (€5) satisfy the conditions

X, = w-lim x;, v, = w-lim v, (4.12)
<xow Uoo) 2 HI'T](XB, UB>. (4.13)
xﬁegﬂ(vﬁ’gs)a 0<85—+0.

Then x, € 2,(v,0), and furthermore

Hm( f3(x5) — Cxp, v5)) = lim wg(v5) = W, (V) (4.14)
lim igf{fﬂ(x) —(x —xg v} =lim fy(xg) =/ (x o) (4.15)

where the limits are finite if f is proper. If X is a Banach space, then in
(4.12) the weak topology on V can be replaced by the weak™ topology. If X is
the dual of some other normed linear space V,, then in (4.12) and the
hypothesis f, - f,, (see (1.4)) the weak topology on X can be replaced by the
weak* topology induced by V,, provided {v;|f=1,., 0} V,. In any
case, the technical condition (4.13) is fulfilled automatically whenever either
of the limits in (4.12) actually occurs in the norm topology.

Proof. We have that

m(fa(xa) — {¥p, vg))

lim wy(vs) <
< lim(eg + wy(vg))

= lim wy(v;)

Cwep(ve) (4.16)
CfoXee) = (¥ Vo)

< lim fi(xg) + lim(—(xg, v5)) (4.17)

Hm( f3(x5) — (x55 UB>)

<
< lim(eg + wg(va))

= lim wp(vy),
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so equality holds throughout and the common value is the quantity
woo(voc) =f~'X}(xCD) - <xoo* U(I)>' (4‘ 18)

Here, (4.16) follows from Lemma 2, and (4.17) follows from Lemma 1(b)
and (4.13). This establishes (4.14). We also have that

m(wu(%) + (xp.0)) < mfa(xa)
<lim(xg, vg) + im(fy(x) — (x5, v5))
€ Gor Vo) + (fol¥p) = X 05))  (4.19)
=fe(Xe)
< lim fy(x5) (4.20)
< lim(eg + wy(vg) + (x5, )
= lim(wp(vy) + x5, U5)),

so equality holds throughout. Here, (4.19) follows from (4.13) and (4.14)
(actually, just the first part of the string of inequalities leading to (4.14)),
while (4.20) follows from Lemma I(b). This establishes (4.15). Finally.
(4.18) shows x € 2 (v, 0) and that the common values in (4.14), (4.15)
are finite if f, is proper. The refinements involving alternate topologies
follow from the preceding proof, by appealing to the refinements in Lemma 2
and to the obvious weak* variant of Lemma 1(b). The remark concerning
(4.13) is elementary {(e.g., [47, pp. 120 and 125]). This concludes the proof.

For the convex case in Hilbert spaces, the technical condition (4.13) can
be avoided en route to obtaining x € £2_(v,.,0). The special case of this
result in which the tolerances ¢, are identically zero (and v, = 0) has been
observed already by Wets [44, p. 400].

PROPOSITION 2. Assume X is a Hilbert space and that f, —f, . where
each function f,, f..., [, is proper convex and norm lower semicontinuous.
Let (§) < (a) and corresponding sequences (x;) (v,), (€3) satisfy the con-
ditions

X, = w-lim xg, v, = w-lim vy,
Xz € 24(vy, £4), 0<eg;— 0.

Then x, € 2. (v, 0)

Proof. First, suppose each &,=0. Then (x;,v;)€ G(é,f;) for each
B € (). Since (x,, v, )= wlim(x,, vy), the left-hand inclusion in the “only
if”” half of Theorem 2 yields (x, v, ) € G(, f..), i.e., x, € (v, ,0). For
the general case 0 < ¢;— 0, we appeal to the Bronsted—Rockafeliar lemma
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[12] for each B € (B). From v, € 8, f3(x;) this yields pairs (X;, 75) € G(J, f3)
satisfying

1% — x5l S Vg 1155 — vyl < Ve

Since (x,,v,) = w-lim(x;,v;) and O0=limeg, it is routine to deduce
(Xps V) = w-lim(X,, 9;). The “only if” half of Theorem2 can now be
applied just as before, but to the pairs (X, ;) in place of (x4, vy).

Observe that Theorem 4 can be paraphrased as asserting {(for the convex
case in reflexive Banach spaces) that

0. (ve,0) =) {slim 2,(v,,0) | v, =slimv,}, (4.21)

plus associated limit information about optimal values. Correspondingly,
Theorem 5 can be paraphrased as asserting (for the nonconvex case in
general normed linear spaces), in particular, that

U {wlim2,(v,,¢,) | v, =slimv,,0<e, » 0} = (v, 0), (4.22)

plus associated limit information about optimal values.

The next two sections explore further the type of sufficiency criterion for
optimality exemplified by (4.22) and Theorem 5, including the issue of
guaranteeing

@+ wlim Q_(v,, £,)- (4.23)

5. FURTHER SUFFICIENCY CRITERIA

We begin with a sharpened form of Theorem 5 ensuring the existence of
appropriate cluster points (cf. (4.23)).

THEOREM 6. Assume that X is a reflexive Banach space and that
S~ S Let (x.). (v,), Vo, (€,) satisfy

X, € R, (Vys €D Vo =slimo,, 0<e, -0,
and assume there exist r < +oo and a such that || x,|| < r for all a > @. Then
m(f, (%0) = (Fa s 0a)) = im 0,(0,) = 0o (ve), (5.1)
and there exist () < (a) and x, such that
w-limx; =x,, € 2, (v, 0), (5.2)
lim ialf{ S3(x) — (0 — xg, 00 = lim f(x,) = fio (X o) (5.3)
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If (X, Vo) = lim{x,, v,), then in (5.3) the f’s can be replaced by o’s. If [,
is proper, the limits in (5.1), (5.3) are finite.

Proof. By reflexivity, the assumed bound on | x,|| implies the existence
of ()< (a) and x, such that x, = w-limx;. Since condition (4.13) is
fuifilled for (8), Theorem 5 immediately yields (5.2), (5.3) and (4.14), as well
as the finiteness assertion once we have strengthened (4.14) to (5.1). Toward
this end, suppose that lim w,(v,) < W (v)- Then there exist ¢ < w . (v,.)
and (y) < (@) such that w,(v,) < ¢ for all y € (y). Since clearly f,—f, (e-8.,
[35, p. 521]) and the x.’s are norm bounded, part of the present theorem
already established (specifically, the second equation of (4.14)) applies to
yield a further subsequence ()< (y) such that w (v, ) <lim w,(v,). This
results in the absurdity w,(v,)<¢<w, (v,), and thus shows that
0, (vy) <lim w,(v,) The same argument can be made, with all inequalities
reversed and limits superior and inferior interchanged, to yield that
w(v,)>1lim w,(v,). It follows that

m(.ftx('xa) - <xa’ Ua>) m ea + Hn—l wa(va)
o)
li—m wn(ua)

m(f,(xa) = (Xas Va)):

which establishes (5.1). Finally, suppose (x_, v )= lim{(x,, v,). Using this,
together with (5.1) and (5.2), we obtain

NN
88

im(w,(v,) + (Xa» 04)) 2 im(fo(x,) — €,)
= lim £, (x,)
2 im(f,(xo) = (%4> 0)) + lim(x,, 1)
2 05 (V) + Xoos Vo)

=foo(xoo)’

as well as the analogous estimates with inequalities reversed and limits
superior (and the €,’s suppressed). This establishes the refinement of (5.3)
and completes the proof.

The next result is dual to Theorem 6. (Recall the equivalences among

(2.6)~(2.10).)

THEOREM 7. Assume that X is a reflexive Banach space and that
Ja = Fog Let (), Xegs (), (6,) satisfy

v, €0, fo(x,) X, =slimx,, 0<e, -0,
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and assume there exist r < + o0 and & such that ||v,|| < r for all & > d. Then

o) = lim £, (x,) = him infl £,(x) = (x = x,, 00 (5.4)

and there exist (f) c (a) and v such that
w-limvg =0, € 8y o (X0 )s (5.5)
fEWg)=lim f§(vy) = lim(Cxg, v5) —f3(x)). (5.6)
If (xo, Vo) =lim{x,, v, ), then in (5.6) the ’s can be replaced by o’s. If £,
is proper, the limits in (5.4), (5.6) are finite.

Proof. The first part of the argument is a straightforward reworking of
the proof of Theorem 6, up to the point at which Theorem 5 yields (5.4),
(5.6) and (4.15). From there, the details concerning replacing f's by s can
be a little tricky. One first obtains f_ (x,)<lim f,(x,) and f (x,)>
lim £, (x_), in each case using a reductio ad absurdum argument based on
applying the second equality of (4.15) to a subsequence f,— f, . Using these
inequalities, one obtains

JolX) <lim £, (x,)
<lim(e, + inf{f, (x) — (x = X,, va)})

= lim inf{ £, (x) — (x = x,., )}

<Tim £, (x,)
gfoo(xoc-)’

establishing (5.4). Finally, from (x_, v )=Ilim{x,, v,), together with (5.4)
and (5.5), one obtains

lim((x, . 0,) —f,(x,)) 2 im(f ¥ (v,) — €,)
=lim f3(v,)
2 lim(x,, v,) + Hm(f 3 (v,) — (Xa5 0,))
2 (Xoor Ve ) =S (Xer)
=/5x),
as well as the analogous estimates with inequalities reversed and limits

superior (and the ¢,’s suppressed). This establishes the refinement of (5.6).
The next result provides a convenient criterion for exploiting Theorem 6.
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THEOREM 8. Assume that X is a reflexive Banach space and that
Ja— S where f is not identically +o0. Let 0, be such that there exists a
proper convex norm lower semicontinuous function k on X having the
following two properties: (1) k< f, for all a sufficiently large (excluding
a=c); (ii) there exists y>infik— (-, 0>} such that |x€ X|k(x)-—
(x, 0oy <y} is weakly compact. Then there exists 1 > 0 such that for any
Uos (0,), {x,), (&,) satisfying

v — Posll < s v, =slime,,
X, €ER,(v,,6,) 0<e,—0, (5.7
one has
lim(f,(x,) —{x,,v,))=limw,(v,)=w,(v,)ER (5.8)

and also the existence of () = (a) and x, such that
w-limx, =x_ €02 (v,.0), (5.9)
lim ir)}f{fﬂ(x) — (x — x5, vg)} =lim f3(x5) =fo(x,) E R. (5.10)

If (X, Vopy=lim(x_,v,), then in (5.10) the f’s can be replaced by o’s. In
particular, one has

@#wlim,(v,,6,) < 2,(v,,0) {5.11)

limw,(v,)=w (v, )ER (5.12)

whenever v, =slimv,, v, — 0./l <u 0<¢g, 0.

Proof. By the Moreau—Rockafellar theorem [32, 33, 38], property (ii)
implies k* is bounded above on 7 + uB for some g > 0. Now consider any
¢>0and v, =slimv,, where ||v, — 7, || < We have k* bounded above
on a norm neighborhood of v, so k* is norm upper semicontinuous at v .
Moreover, results of Moreau {32, 33] (see also Aspiund and Rockafellar |2,
Theorem 2]) imply that for any A € [0, +00) there exists 4 > O such that the
set

T={) {0:k*(v)| v € vy, + B}

is Mackey equicontinuous, hence norm bounded by some r < +00. Now take
A to be

A=3e+k*(v,) + w,(vy)
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Notice that 4 € (0, +00). (Indeed,
—0 < _k*(voo) g _fot(voo) = woc‘(uoo) <+
follows from

k(y)<lim k(y,) <lim f(y,) <f(¥) VY EX,

which itself follows by property (i) and Lemma 1(a).) Using upper semicon-
tinuity, choose @€ (0, g} so that k*(v) e+ k*(v,) for all v € v + aB.
Then pick @ so that v, € v, + @B and k f, for all a > &, and finally. using
Lemma 2, pick @ > & so that w,(v,) <&+ w,(v,.) for all @ > a. Then for
any ¢ > d and any x € 0¥ f*(v,) > 2_(v,, €), the estimates

k(x) = (%, 0) KSE¥(X) = (% 00) (by (i))

<e+w,(v,) (by x € 0¥/ (v,))
Le+et+wy,(vy,) (by @)
=1—e—k*Qv,) (by 1)

KA—e+e—k*p,)  (byda)

imply that x€0,k*(v,)cT (by 4 &). Thus, whenever v, =s-limv,,
Ve — O]l < #, € > O there exist > 0, r < +o0, g satisfying

OFfrw,)cd k*v ) ixeX]|x|<r} Ya > d. (5.13)

Suppose now that (x,). (e,) satisfy (5.7). By (5.13), there exists r < + o0
such that ||x, || <r for all o sufficiently large, so that Theorem 6 applies.
From (5.1), (5.2) and (5.3) follow (5.8), (5.9) and (5.10), respectively, as
well as the refinement of (5.10). The second part of (5.11) follows from
Theorem 5. The existence part of (5.11), as well as (5.12), will follow from
(5.9) and (5.8), respectively, provided a sequence (x,) satisfying (5.7) can be
chosen. This is indeed possible when 0 < ¢, — 0, due to the fact that. for all
a sufficiently large, —o0 < —k*(v,) < w,(v,) (from property (i) and
properties of k) and w,(v,) < +o0 (by Lemma 2 and w_(v,) < +0). This
concludes the proof.

From Theorem 8 we can deduce information concerning the behavior of
the directional derivatives of w,(-) as a — oo. The result actually handles
approximate directional derivatives as well. Since w(:) is concave (cf. (2.2)),
we define these whenever w(v) is finite by means of

w!(v; ) = sup wl+1z)—w)—¢ (
>0 T \

Ve,zEV,  (5.14)
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for any ¢ € [0, +00). When ¢ =0, this is just

w“wn=nmw@+””_w@{ (5.15)
T T

which is of traditional interest due to the “marginal rate of change” data it
conveys. We emphasize the natural importance of the quantities (5.14) for
strictly positive values of ¢ also. This is due to the fact (cf. Rockafellar [39.
p. 504], |40, p. 220]; and Moreau [33, p. 67]) that

sup | w@ +12) - w@) —

ggzmﬂ@Jerﬁwwﬂ (5.16)

>0 | T
whenever ¢ € [0, +00) and z € V (recall (2.13)-(2.15)).

COROLLARY. Under the hypotheses of Theorem 8, the approximate direc-
tional derivative functions (w,), (v; z) defined as in (5.14) satisfy

(woo)(l) (Um;zw)éli_m(wa)én (va;zn) (517)

whenever v, =s-limv,, |v, -7 || <p. 0e, —»0, 2z, =slimz, .

Proof. Let v, (v,), 2z, (z,). (¢,) be given as described. Since w_. is
concave and finite at v, the difference quotient 77 '|w (v, + 72, ) —
wo(v,)] is nondecreasing as t | 0 (e.g., [33, p. 64] or [40, p. 214]). Hence,
given any 0 < (w_ )y (v 2. ), there exists a 7 > 0 such that

(0, +72) =Tl <pty, o<t Mo (v, +12,)—w ()]
Since v, = s-limv, and z = s-lim z,, assertion (5.12) of Theorem 8 implies
W (v +125)=limw,(v, +12,), W () =limw,(v,)
Since 0 =lim ¢, it follows that for all sufficiently large ¢ one has
0 < T WUy + 12,) — 0a(1,) = 0] < (@,)], (4 2,).

By the arbitrariness of ¢, this completes the proof.
The next result is dual to Theorem 8.

THEOREM 9. Assume that X is a reflexive Banach space and that
fo— S where f is proper. Let X, be such that there exist M < +o0, u > 0,
a for which

fix)<M, VYxEX, +uB, Ya>a. (5.18)

64035743
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Then for any (x,), x., (v,), (€,) satisfying
”xoo_'foo” < U xoo=s'lim Xos
0, €0, fulv.), 0<e,—0, (5.19)

one has

lim l?f{fa(X) - <X ~ Xas Ua>} = lim fu(xa) =fco(xcx>) ER, (5.20)

and also the existence of (f) < (&) and v, such that
w-lim vy =0, € dg (X0 )s (5.21)
lim((xg, vg) —f3(X)) = lim fF(vg) =% (v,) ER. (5.22)
If (xo, vy =lim(x,,v,), then in (5.22) the ['s can be replaced by o’s. In

particular, if for all a sufficiently large the functions f, are proper convex,
one has

a#* w"m aeafa(xa) caofoo(xoo)’ (523)
lim £, (x,) = f,o(0) € R (5.24)

whenever x,, =s-limx,, ||x, — X || <u, 0ge, —0.

Proof. 1n outline this proof is similar to that of Theorem 8, although we
shall get by without using the Moreau and Rockafellar results. Comparing
the situation with that of Theorem 8, we find here the roles of X and V
interchanged, with the role of k* being played here by the function A defined
on X by

\M if X B,
h(x) = i XE X tu
+ o0 otherwise.
Let ¢>0 and x, =s-limx,, where ||x, —X,| <x By direct argument
using the form of A, one can obtain the fact that, for any
4€ (0,1 —||x,, — X, ), the set

T={) {8,h(x) | x € x,, + B}

is norm bounded in V for all 1 € [0, +00). Indeed, v € 9, A(x) occurs if and
only if x€EX,+uB and u|v|—{(x—X,,v)<A, which in turn implies
(u—|lx—x,Dllvll <A Since every x € x, + B satisfies [[x — X f| <4+
(X0 — X || < 4, this last condition yields that

ol KA —llx —~ £ )" <A —F —llx — £l 7' < o0
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whenever v € 3, h(x) and x € x_, +iB. It follows that T is norm bounded,
say by r < +00. Now apply the preceding to the choice

A=2e+ hix,)—Sf.(xs)E (0, +00).

(One has —o0 <[f(x,)<lim f (x,) <h(x,) <+oo, by using the
properness of f,,, Lemma I(b), and f, <Ak for all large @.) Note that
h(x)= h(x,) on x, + fB. Pick @ so that x, € x_, + B for all @ > @, and
then, using Lemma l(b), pick d>a so that f_ (x )—e</f,(x,) for all
@ > 4. Then for any a > d and any v € 9, f,(x,), the estimates

h¥(V) = (Xa» 0) SFEW) = X050 (bYSo <)

<e—fo(x,) (by v €8, f,(x.))
Set+e—folxs)  (byd)
=4—h(x,) (by A)
=A—h(x,) (by @)

imply that v€9,h(x,)cT (by [ a). Thus, whenever x, =s-limx_,,
| X — X ll <, € > 0 there exist 4 > 0, r < 400, @ satisfying

b fux) o) E Vol <rl,  Yazd  (5.25)

Suppose now that (v,), (¢,) satisfy (5.19). By (5.25), there exists r < +o0
such that ||v_| < r for all & sufficiently large, so that Theorem 7 applies.
From (5.4), (5.5) and (5.6) follow (5.20), (5.21) and (5.22), respectively, as
well as the refinement of (5.22). The inclusion in (5.23) is always valid, by
Theorem 5. For the existence part of (5.23), as well as (5.24), the idea is to
invoke (5.21) and (5.20), for which we must be assured that a sequence (v,)
exists satisfying (5.19). A convenient condition guaranteeing this is for the
f,’s to be proper convex for all a sufficiently large. For then, as is well
known, f, <h will imply @ +# 9, f,(x,)<d, f,(x,) for all a sufficiently
large. This completes the proof.

Let us now define approximate directional derivatives of the functions
appearing in Theorem 9. Motivated by the convex case, we define these
whenever f(x) is finite by means of

Sifxi2)= inf f(””)r_f(")“, Vx,zEX,  (5.26)

for any ¢ € [0, +00). We then have, at least when f is convex,

S+ 12) —f(x)
T

Solxsz)= lrlft(} (5.27)
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and also

inf Sx+2)—fx)+¢

>0 T

=sup{(z, v)|v €0, f(x)}  (5.28)

for e € [0, +00) and z € X (cf. (5.14)—(5.16)).

COROLLARY. Under the hypotheses of Theorem 9, and assuming that f_

is proper convex, the approximate directional derivative functions (f,). (x: z)
defined as in (5.26) satisfy

Em(/f,), (%a32a) < (o) (oo Zc0) (5.29)
whenever x,, =s-limx,, [|x,, — X || <u, 0<€e, >0, z.=slimz,.

Proof. Like that for the Corollary to Theorem 8.

6. A SUFFICIENCY CONDITION ENSURING STRONG CONVERGENCE

Our goal in this section is to establish a sufficiency result for 2_(v_,0)
containing some very strong conclusions (Theorem 10) and also a dual form
of it (Theorem 11).

We use the following definition for any fixed vectors x, € X, v, € V such
that w (v) is finite. For any y > 0, consider the following property:

there exist A > 0, 4 > 0 and & such that
Au~' < v and the function k satisfies n(y)
k < f, for all a > d (excluding a = o),

where & is defined by
k(x) = 0, (0g) + (X ) — A+ pflx — x5l (6.1)

If n(y) is satisfied for every y > 0, we say that property m holds (at x, with
respect to v,,). As will become apparent, property z serves as a uniform
local version (at x_, with respect to v ) of the property

w-lim epi f,,  epi f., (6.2)

(cf. (1.4)). As we shall elaborate presently, evidence is available to support
the view that property = is satisfied generically in the reflexive Banach space
setting.

THEOREM 10. Assume that epi f,  s-lim epi f,, and that f, is proper.
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Let x, and v be such that w (v ) is finite and property n holds. Then for
every ¥ > 0 and v, =s-lim v, there exist € > 0 and @ such that

2., e)cx, +yB, Yo = d,.., . (6.3)

It follows that Q2. (v,.,0) < {x,} and, for every (8) < (a) and corresponding
sequences (xz), (vg), (€3), that the conditions

X5 € 24(v,, €5), 0<eg;—0, v, = slimug (6.4)
imply
X =5-lim x;. (6.5)

If 2 (v,0)={x,} and the nontriviality condition dom f_ & {x_} is met,
then conditions (6.4) imply also that

lim(f3(x5) — (x5, v5)) = lim w(v;) = W (v)s (6.6)
lim ialf{fﬂ(x) —(x = x5, vt =lim fi(xg) =S (x..). (6.7)

If [ is norm lower semicontinuous at x ., then 2 (v, 0)={x,} and f,_ is
norm rotund at x,, with respect to v .

How stringent is the norm rotundity condition forced upon a proper, norm
lower semicontinuous f by the hypotheses of Theorem 10? In other words,
how “likely™ is it that this necessary condition will be satisfiable by some x
for a given parameter v ? Let us recall that Asplund |1, Theorem 3] (cf.
also Ekeland and Lebourg [21, pp. 208-209]) has shown the following: If (i)
X is a reflexive Banach space whose dual admits an equivalent Fréchet-
differentiable norm, (ii) f,, is proper and norm lower semicontinuous on X,
and (iii) w{v) > —co for all v belonging to some norm neighborhood N of
v, then there exists a norm dense Gz subset G < N such that (among a
number of his conclusions) one has for each v € G that [ is norm rotund at
some unique x(v) with respect to v. More recently, Troyanski [42] has
proved a result implying that the dual of every reflexive Banach space admits
an equivalent Fréchet-differentiable norm. We therefore have the following:
If X is a reflexive Banach space and f, is proper and norm lower semicon-
tinuous, then the previously mentioned necessary condition on f,, is satisfied
generically by v, € int(dom fX). (Note: @+ int(dom f¥) if there exist v
and y > inf{fX* — (-, v)} such that {x € X|fX*(x)— (x,v) Ly} is weakly
compact.}

After proving Theorem 10 we shall present a dual version of it. In view of
the norm rotundity feature just discussed, it is perhaps not surprising (cf.
(2, 14]) that the dual result entails Fréchet-differentiability at a certain point.
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For greater initial readability we stated Theorem 10 formally in terms of
the sets £2(v, €). In fact, though, a sharper form will actually be proved, one
in which 2(v, ¢) is replaced everywhere by the larger set 2(v, £) = &% *(v).
(Recall the equivalences (2.6) < (2.10), (2.18) < (2.22) and also (2.12),
(2.16).)

THEOREM 10’. Assume that epi f,, < s-limepi f, and that the function
Jw is proper. Let x and v be such that w(v,) is finite and property n
holds. Then for every y > 0 and v = s-lim v, there exist ¢ > 0 and & such
that

2, (v,,e)<x, + B, Ya = d,..., ©. (6.3")

It follows that (v, 0) < {x,} and, for every (8) < (¢) and corresponding
sequences (x;), (vy), (e5), that the conditions

X3 € ﬁB(vB, ) 0<¢g—0, Ve =S-limug (6.4%)
imply
X = s-lim x;. (6.5")

If 2 ,(vy,0)={x,} and the nontriviality condition dom f_ & {x_} is met,

then conditions (6.4") imply also that

m(f 5 *(xg) — (xg, v5)) = lim @5(V5) = B (V0 ), (6.6)

lim igf{f,’,"*(x) —{x—xg, gl =lim fF*(xg) =fX*(x.).  (6.7)

wl

If f,, is norm lower semicontinuous at x.,, then 2_(v,,,0)=2 (v, ,0)=
{x.} and f, is norm rotund at x,, with respect to v, .

Our proof of Theorems 10 and 10’ invokes the following result. Notice
that assertion (6.10) applies a fortiori to the situation of Theorem 10.

PROPOSITION 3. Assume that epi f,, < s-lim epi f, and that the function
fw is proper. Let x,, v, A, u and d be such that w(v) is finite and the
triple (A, u, &) satisfies n(y) for y=2u~'. Then for every n€ (0, 1) and
Uy = s-lim v, there exists & such that

ﬁn(va, nit)c x, + p(n)B, Ya = d,..., o0, (6.8)
where p(n) = (1 + 3n) A(1 — )~ u~" decreases to Au~" as n | 0. Thus,

2. (v,,0)cx,, +iu""'B. (6.9)
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In addition,
D+ 2,(v,,0), Ya = d,..., 00, {6.10)

whenever X is the dual of another normed linear space V,, the s are
weak* lower semicontinuous, and the w,(v,)s are not —oco, with
{v.la=1,.,0}cV,cV.

Proof. Let € (0, 1) and ¢, = s-lim v,. Using Lemma 2, we can obtain
@>d such that a>d implies w, (v,)< M+ w, (v,) as well as
v, Evy, +nuB and || x| - |lv, — v € nd. Some computation shows that

A—w (V) + (X V=0, if vev,+uB,

k*(v)= .
@) + o otherwise.

Now consider any a« > d. Then

—0,(V,) > — e, (V) — 1A
= (k*(va) —1- <xo<3’ Vo — voc:)) - 771
> k*(v,) — (14 2mA.

Suppose x € 2,(v,, 74) = 8%, f X(v,). Then for each v € v, + uB it follows
that

k*(@)>f3(©)
2faWa) —nd +{x,0—0,)
=—w,(v,)—nA+ {(xv—v,)
2k*(w)— (1 +3nA+ (x,v—v,),

which yields x € 8}k*(v,) with {= (1 + 37)A. But the latter condition holds
if and only if

(X=X, 0=y <& Yv € v, + uB.
Since x, + (1 —n)uB < (x + nuB) + (1 — n) 4B, we can conclude that
(x—Xxg,0—0,) <, Yvev, + (1 —n)uB,
and hence
X — x|l =[x — Xgollsxe <EA—m)~" ™" = p(n).

Notice that the limit index « = oo is also covered by the preceding argument.
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Indeed, the only missing ingredient is the fact that k* > f* . But this follows
from

k<fws (6.11)

which itself follows from

k(y) <lim k(y,) <Tim £,(3,) <foe ()

using Lemma 1(a), the hypothesis that k < f,, for all a sufficiently large, and
the lower semicontinuity of k. We have thus shown (6.8). Since ﬁw(vm, 0)c
(v, nd) for every n € (0, 1), with p(n) clearly decreasing to Au~' as
n 1 0, it follows from (6.8) that (6.9) also holds. Finally, suppose X is the
dual of some normed V. For each ¢ > 0 and a = 1...., oo the set 2 _(v,, €) is
weak* closed, if v, € V,, and f, is weak* lower semicontinuous, and also
nonempty if w,(v,) > —o0. Since these sets form a decreasing nest as ¢ | 0,
it follows from (6.8) and the weak* compactness of x. + p(#)B that, for
each a = d,..., 00, their intersection over ¢ € (0, #A] is nonempty. Since this
intersection is exactly £2,(v,,0), this establishes (6.10) and completes the
proof.

Joint Proof of Theorems 10 and 10’. Let y >0 and v =s-limv,. By
property 7, there exists a triple (4, g, @) satisfying property n(y/2). Therefore,
by Proposition 3, for each # € (0, 1) there exists @ such that (6.8) holds.
Now pick any n € (0, 1/5] and then choose ¢ = n4. Since the corresponding
value p(n) satisfies p(n7) < 244" < 7, this establishes (6.3’) (and hence also
(6.3)). Since the index a = oo is covered here,

(V5. 0) € 2y (0, 0) € x,0] (6.12)

follows. Now consider any (x;), (vs), (¢5) satisfying (6.4'). Observe that
(6.3') holds for all indices 8> d. So, for any y > O there exist ¢ > 0 and f§
such that Q,(vs,€) S Xy + yB for all § > f. Pick B> f so that ¢, < ¢ for all
B > B. Then, for any 8 > 8,

x5 € 24(v5,€5) < 2,5, €) < X, + VB

This establishes (6.5) (for both Theorems 10 and 10’). Now assume f is
norm lower semicontinuous at x_,. Since we already have (6.12), for

Qeo(Ve0r 0) = 20, (050, 0) = {x.c} (6.13)
it will suffice to show x, € 2 (v, 0), that is,

SoXo) — (X 0o Y K0+ 0 (V) Vo > 0. (6.14)
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Let o > 0. Using semicontinuity. pick y > O so that
Sin(X) = s Vo) — /2 K [ (X) — (X, 00 ), Vx € x, +yB. (6.15)
By (6.3"), there exists &€ > O such that
2 (v, ,e)cx, + yB. (6.16)

Put ¢’ =min{g, 6/2}. Since ¢’ >0 and w,(v,)> —oco. there exists an
x' e (v,,¢e') that is, an x’ satisfying

foo(x,) - <xl* voc> < g’ + woc-(voo)'

Since ¢’ < ¢, so that Q2 _(v,,€') =R (v,,¢), it follows from (6.16) that
x' € x, + yB and then from (6.15) that

foo(xoo) - <xoo’ voo> < 0/2 +foo(x,) - <xl’ Uoo\/'

Combining the last two inequalities and using ¢’ < 0/2 yields (6.14). Hence,
(6.13) is established. Now observe that (6.3') yields, in particular, that for
each y> 0 there exists ¢ >0 such that Q_(v,,€)cx, +yB. Since
Xp €2 (v,,,0) means w (Vo) =/ (X)) = Ko Ve )

Qo (v, 8) = EX | [ () — (6 02) S &+ [ (x0) — (X )
Thus, for every y > O there exists ¢ > 0 such that
€ X f(x) e +fo(xe) +{(x—xg v C X, + 1B

This is just norm rotundity of f_, at x with respect to v_,.

Finally, we tackle the assertions that (6.4) implies (6.6), (6.7), and that
(6.4') implies (6.6"), (6.7'). Analysis of the proof of Theorem 5 reveals that
the strings of inequalities given there would establish that (6.4) implies both
(6.6) and (6.7), provided we could justify inequalities (4.17) and (4.20)
without recourse to Lemma 1{b). Thus, we shalt show below that (6.4)
implies

Jou(Xeo) <im fy(xy). (6.17)

Now consider the assertion that (6.4') implies (6.6’) and (6.7’). In outline,
the argument for (6.6') is similar to one of the two strings of inequalities
used for Theorem S:
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lim @4(vg) < Em(fF*(x) — (x5, vg))

< lim(eg + @4(v4)) (6.18)
=lim @y(rs)

= lim w,(v,) (6.19)
Lwg(vy) (6.20)
=B (Vy) (6.21)
SSEF X)) = (Xoos V)

SLm(fF*(xg) — (x5, 0g)) (6.22)
< lim(eg + @g(vg)) (6.23)
= lim @,(v,)-

We need to justify the numbered steps. Steps (6.18) and (6.23) follow from
(6.4). Steps (6.19) and (6.21) follow from (2.16). Step (6.20) follows from
Lemma 2. This leaves only step (6.22), which wiil follow once we show

(X Vo) = lim{xg, v5), (6.24)
SE¥(x) < Lim f3%(x,). (6.25)
Recall that we previously proved (6.4') implies (6.5). Together with v =
s-lim v, this yields (6.24). In order to complete the proof of (6.6), it will
therefore suffice to show (6.4’) implies {6.25). We defer this for a moment

and consider the argument leading to (6.7'). Consider the following string of
inequalities, also patterned after the proof of Theorem 5:

(@) + (xp. vg)) < TFF*(x5)

<Hmxy, vg) + m(fF*(x5) — (x5, v5))
< (X Do) + (FE* () ~ (Xepr 0))  (6:26)
=S5 (xe0)
<Hm f3*(x,) (6.27)
<lim(eg + @g(vg) + (X35 5))
= lim(@4(vg) + (x5, v5))-

Step (6.26) here would follow from (6.24) and (6.6’), while step (6.27) is

precisely (6.25). It follows that in order to complete the proof that (6.4")
implies both (6.6') and (6.7'),it suffices to show (6.4’) implies (6.25).Recall
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now the only unfinished part of the argument showing (6.4) implies both
(6.6) and (6.7) is the assertion that (6.4) implies (6.17).

We shall now give a joint proof that (6.4) implies (6.17) and that (6.4')
implies (6.25). This will complete the joint proof of Theorems 10 and 10'.
There are two cases to consider, described in terms of the quantity

m=inf{A > 0|3y > 03 > 013d, (4, u, a) satisfies n(y)}. (6.28)

Case I: m=0. (Here, we deduce both (6.17) and (6.25).) For any ¢ >0
there exist y > 0 and a corresponding triple (4, 4, @) satisfying property z(y)
and also 24 { &. We have k f, for all a =d,..., oo (the inclusion of ¢ = oo
is justified by (6.11)). Since k >> const + (-, v ), it follows that there exists
B > @ such that

fi>fE* >k  YB=P... . (6.29)

Now by (6.5), which follows from either (6.4) or (6.4"), pick > ff so that
2xs— Xl ooll<e, VBB (6.30)

Consider any § > f. Using (6.29), (6.1), 0 (0 ) =/fip(Xoe) = {Xe0» U, ) (from
X € 2,(v,,0)) and (6.30), we obtain

Solxg) 2§ *(x5)
> k(xz)
2fo(Xe)+ (=X, 0y —A+0
2fo(X) — €
2 5 (xe) — &

By the arbitrariness of ¢, this establishes both (6.17) and (6.25).

Case II: m > 0. (Here, we deduce domf,_ < {x_}.) Consider any x # x_,
and suppose f,(X) < +oo. Pick any y satisfying 0 <y <m(d+m)~"
(| — x4 |l, where 6 =f(X) — (¥, v ) — W (vy) > 0. Then

=+ u]|X—xll

>-—-m+4d+m,
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so that
k(X) = 05 (15) + (B ve) — A+ ]| X — X0l
> W (V) + (K vy + 0
=[x (X).

Since this contradicts f,, >k (recall (6.11)), we must have f_(¥)= +oo.
This establishes that dom f, < {x_} in Casell. By the nontriviality
assumption, it follows that Case I must occur. This completes the proof of
Theorems 10 and 10’.

The result dual to Theorems 10 and 10’ will use the following definition
for any fixed vectors x, € X, v € V such that f,_(x.) is finite. For any
¥ > 0, consider the following property:

|

there exist A > 0, u > 0 and 4 such that ?
Au~"' < y and the function A satisfies n¥(y)
Jo S hforall a 2> @ (excluding @ = o), s

where h is defined by

S’l +foo(xoo)+<x_xdwvcc> if xexoc>+#B’

)= | +o0 otherwise.

(6.31)

If n*(y) is satisfied for every y > 0, we say that property n* holds(at x, with
respect to v_). As will become evident, property n* serves as a uniform local
version (at x_, with respect to v_) of the property

epifoc Cs'l_imepifa
(cf. (1.4)).
THEOREM 1. Assume that w-limepi f, < epi f,, and that the function
S is proper. Let x, and v, be such that f (x.) is finite and property n*

holds. Then for every y > 0 and x_, = s-lim x,, there exist ¢ > 0 and & such
that

d . fo(x,)c v, + ¥B, Ya = d,..., 0. (6.32)
It follows that 0, f,(x,) < (v} and, for every (§) < (a) and corresponding
sequences (x;), (v3), (€3), that the conditions

vy € G, folxg) 0<eg—0, X, = s-lim x; (6.33)

5]
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imply

v, =slimeg. (6.34)

Conditions (6.33) imply also that

Srolx ) =1lim fi(x;) =lim igf{ S300) = x — x5, 050 ) (6.35)
SEs) =lim f§(vg) = lim({xg, vg) —f5(x5))s (6.36)

provided &,f. (x.)=1{v | and f, satisfies the following nontriviality
condition: the largest weakly lower semicontinuous convex minorant of
Soo — {5 Uy is not constantly equal to w (v..)=inf {f (x)— (oo 00 If
S Is convex, then 0, f. (x,.)= {v,} and f is Fréchet-differentiable at x_
with Vf (X)) =V. If f., is convex and weakly lower semicontinuous, it
satisfies the nontriviality condition unless f_(x)= (x, v )+ W ()

How stringent is the Fréchet-differentiability condition forced upon a
proper convex f., by the hypotheses of Theorem 11?7 Combining the
previously cited result of Troyanski [42] with another theorem of Asplund
[1, Theorem 1], we have the following: If X is a reflexive Banach space and
[ is proper convex, then f,_ is Fréchet-differentiable on a dense G, subset
of int(dom f).

Our proof of Theorem 11 relies on the following result, which is dual to
Proposition 3.

PROPOSITION 4. Assume that w-lim epi f,,  epif,. and that the function
Jo is proper. Let x ., v, A>0, u>0 and @ be such that f(x.) is finite
and the triple (1, u, @) satisfies property n*(y) for y=Au~". Then for every
ne (0, 1) and x, = s-lim x, there exists & such that

@1 a(x,) v +p(n)B. Ya = d,..., 00, (6.37)
where p(n) = (1 + 3n)A(1 —n) ' u~" decreases to Au~" as n | 0. Thus,
Gofolxy) v, +Au'B. (6.38)
In addition, '
D+ 0y f,(x,), Ya = d,.... 00, (6.39)

provided the functions f|, fs...., f., are proper convex.

Proof. Let n€(0,1) and x=s-limx,. Using Lemma 1(b), we can
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obtain d>ad such that a>d implies f (x,)—ni<f,(x,) as well as
X, Ex, +nuB and ||x, — x| - vl < nA. Now consider any a > . Then
fa(xa) >foo('xoo) - ’7'1
= (h(xa) — A~ <xa — X Uoo)) - ”’1
> h(x,)— (1 + 24

Suppose v € 7, f,(x,). Then for each x € x, + uB it follows that

h(x) > £,(x)
> £,(%,) — A+ (x — x,, 0)
> h(x,) = (14304 + (x — x,., v),

which yields v € 9, h(x,) with { = (1 4 377)A. But the latter condition holds if
and only if

(x—x,,0—vy,)<{ Yx € x, + uB.

Since x, + (1 — ) uB < (x_, + nuB) + (1 — n) uB, we can conclude that

(x—x,,0— by <G Yx€E€x,+ (1 —n)uB,

and hence ||[v —v ]| <1 —n)"'u"'=p(n). Notice that the limit index
a = oo is also covered by the preceding argument. Indeed, the only missing
ingredient is the fact that

fu < h, (6.40)

which follows from Lemma 1(b) and the hypothesis that f, < 4 for all e
sufficiently large. We have therefore shown (6.37). Since d,f,(xy)<
O foolXo) for every n € (0, 1), with p(n) decreasing to 4z~ " as # 10,(6.38)
follows from (6.37). Finally, let f,, /3., f,, all be proper convex. Then for
any a = d,...,00 we have that f, is convex, never —oo, and bounded above on
the neighborhood U,=x,+ (1 —n)uB of x,. The bound follows from
U,<x, +uB and the fact that on x + uB we have f (x)<h(x)<4i+
Soolxo) +ulvgll It is well known that this information is sufficient to imply
& # 04 f,(x,)- This completes the proof.

Proof of Theorem 11. Let y>O0 and x, =s-limx,. By property n*,
there exists a triple (4,u,d) satisfying property n*(y/2). Therefore by
Proposition 4, for each # € (0, 1) there exists d such that (6.37) holds. Now
pick any 5 € (0, 1/5] and then choose ¢ = 4. Since the corresponding p(n7)
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satisfies p(n) < 24u~"' <y, this establishes (6.32). Since a = o0 is covered
here,

aO-foo(xoo)c {voo} (641)

follows. Now consider any (x;), (vg), (g5) satisfying (6.33). Observe that
(6.32) holds for all indices § > d. So, for any y > O there exist ¢ >0 and §
such that &, f3(x;) c v, + yB for all B> 8. Pick f> £ so that g5 < € for all
B > B. Then, for any 8> 8,

Vg € O, f3(xp) = e f3(x5) C v, + ¥B.

This establishes (6.34). Now assume f is convex. Since f,, < 4 (see (6.40)),
[, is bounded above by 4 + f(x.) + 4 ||vg| on x,, + uB. Since f, is never
—oo, this is enough to imply @+ 9, f..(x,) In view of (6.41), this yields
00 fo(Xn) = {vy}. Now let us show f_ is Fréchet-differentiable at x, with
Vf(xs) =0y, that is,

lim sup foo(xw + TZ) _foo(xoo)

t]0 zeB T

—{z,v,)|=0. (6.42)

Let ¢ > 0. By property n*, there exists a triple (4, 4, @) satisfying property
n*(e). It follows that, for any z € B and 7 € (0, u],

0T (folxe + 12) = fip(x ) — (2, Vo) (6.43)
ST (ool + 2) = fo(¥50)) — 2, 055 (6.44)
! (6.45)
e

Here, (6.43) follows from v, €3d,f(x,), (6.45) follows from
So(Xo +uz) < h(x, + uz) (recall (6.40)) and (6.44) follows from the fact
(due to the convexity of f,) that the difference quotients appearing are
nondecreasing in the real parameter. It follows that

sup |[Jele T Tela) ) Nl 0 e (0 u).

ZEB T

This establishes (6.42).
Finally, let conditions (6.33) be satisfied once more. For assertions (6.35),
(6.36) we consider the following string of inequalities:
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lim((xg, v5) — fF(v5)) <Tim fy(x,)

S olXs) (6.46)
< lim fi(xg) (6.47)
lim(e, + (x5, v) —fF(vg))
= lim((xy, v5) — 5§ (05))-

/

//\

Inequality (6.47) follows from Lemma 1(b). If we can establish (6.46), it will
follow that

im((xg, vg) —f 5 (vg)) = lim f(x,) =f (x). (6.48)

which is just (6.35). Using (6.48) together with (6.34) and v € &, /..(x..),
one can obtain the estimate
lim({xg, vg) — f5(x5)) 2 im(f§(vg) — &5)
= lim fF(vy)
2 lim(xs. vg) + Lm( fF(vg) — (x5, v5))
> <Ym » voo) _foo(xoo)
= %)
as well as the analogous estimate with inequalities reversed and limits
superior (and the ¢;’s suppressed). This would establish (6.36).

The proof of Theorem 11 will therefore be finished once we establish
{(6.46). For this, consider the quantity

m* =inf{A > 0|3y > 03u > 034, (4, u, @) satisfies 7*(y)}.  (6.49)

Case I: m* = 0. (Here, we deduce (6.46).) For any ¢ > 0, there exist y > 0
and a correspondmg triple (4, 4, @) satisfying property 7*(y) and also 4 <e.
Now pick f> d so that ||x, — x| <u for all 8> B. It follows that

lim f(x5) <Tm(fy(xg) — (x5, v4)) + lim{xg, vg)
LHm(h(xg) = (x5, v5)) + (Xoos Vo) (6.50)
=M + £ (X)) — (Xor Vo)) + Xy U (6.51)
e+ [(Xp)

For (6.50) and (6.51), use (6.34) and consider that eventually > 5> d. B
the arbitrariness of ¢, this establishes (6.46).
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Case II: m* > 0. (Here, we deduce that the largest weakly lower semicon-
tinuous convex minorant of f, — (-, v,) is constantly equal to the value
inf{f, — (, vy} = w,(v,).) Consider any y > 0 and corresponding triple
(4, &, @) satisfying property 7*(y). Since f, < & (recall (6.40)), we therefore
have

SooX) = (X, 050) Shy(X) =4 +foo(Xe0) = (Xoo Vo) + W 4 u(X)
(where v equals 0 on C and +oo off C), which implies
(foo = o0 * (0) 2 A5 (V) = =4 =[5 (X o) + (Xoen 0+ 1) + |0
and hence
(oo = (o)) * H (X)) = (Ko +00) 2 —A ]+
Using 1 > m* > 0, we obtain

l/m*{(foo - <" voo))* +fco(xoo)_ <x<x>’ -t voo>}
247wl =12y - L

By property n*, in this estimate y can be taken arbitrarily near zero. It
follows that

Um*{(fo = (o teo))* (0) + (X)) = Xy 0+ 0 )} =+00,  VO+vEV,
and hence
(fio = (0 0)* W) =+0, YO#vEV.

Since (f, — (- vo))* (0)=—w(v,,) € R, where finiteness follows from
Vo € 8, foo(x,) and the properness of f,, we obtain

(fo = G ))* 0) = —0 (V) + W (0), Y EV.
Taking conjugates yields
(fao_<"voo>)** () = () VxEX.

Therefore, since the nontriviality condition on f, rules out precisely this
situation, Case I must occur, and thus (6.46) holds. When f,_ is convex and
weakly lower semicontinuous, then (since f, is also proper by assumption)
one has (f, — (v N)*¥* =f, — (-, Vy), and so the nontriviality condition
can fail only if £ (x)— (x, v )= w,(v,) for every x € X. This concludes

the proof.

640/35/4-4



346 L. MCLINDEN

Refinements of these results hold when X is the dual of some other
normed linear space V. On X one systematically substitutes the weak*
topology induced by V, in place of the weak topology, and one restricts the
parameters v to lie in ¥V, < V. The modified proofs exploit the refinement in
Lemma 2, the remarks following (2.22), and also, for example, the weak *
lower semicontinuity of || x].

7. THE FINITE-DIMENSIONAL CASE

Due to the availability of neighborhoods having finitely many extreme
points, significant refinements of the previous resuilts are possible in finite-
dimensional spaces. The refinements are based on the presence of certain
uniformities which, in turn, derive from two finite-dimensional results for
convex functions: Lemma 4 below, and a result of Rockafellar asserting that
pointwise convergence implies uniform convergence on compacta |40,
Theorem 10.8].

Various forerunners of the following result have been observed by several
researchers, including Robert |37, Proposition 4.10] and Salinetti and Wets
(41, Corollary 3B|.

LEMMA 4. Assume that X is finite-dimensional and that epif,,
lim epi f, , where each function f,f,,..., f, is convex. Let X, € int(dom f_).
Then for every A > O there exist u > O and d such that the function h defined
on X by

Atfolty)  f XEXn+uB,
h(x)= .

4o otherwise,
satisfies

f.<h  Va=ad,., . (1.1)

In particular, there exist M < +o00, u > 0, & such that
S ()< M, Vx€&€ X, +uB, VYa=ada,.., 0, (7.2)
and
lim f,(x,) <fn(X,)  whenever X, =limx,. (7.3)

These assertions also hold if f,, f,,.. are merely quasi-convex and f,, is
merely upper semicontinuous at X, .

Proof. Clearly, (7.2) and (7.3) will follow from (7.1). Now let 4 > 0, and
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without loss of generality suppose ¥, =0. For (7.1), it suffices to exhibit
4 >0 and d such that

L x)<A+£.(0), Yx€uB, Va=ad,.., . (7.4)
Since f, is upper semicontinuous at X, (e.g., [40. Theorem 10.1]), there
exists 3 > 0 such that

fo(X)<A/2 + £(0), Vx € 2yB. (1.5)

By finite-dimensionality, there is a (full dimensional) standard simplex P
centered at 0 and contained in yB. Suppose its vertices are labeled x’ for
j=0, 1., m. By Lemma I(a), for each j there exists (x/) such that

=limxl,  limf,(x)) <f . (). (7.6)

Now observe there exists 4 > 0 sufficiently small that
x' + uB < 2yB, v, (1.7)
and also
uB cconvi{®}  whenever X €x +uB, Vj (7.8)
J
(Indeed, one can suppose B corresponds to the Euclidean norm and then

take any u € (0, |, where [ is half the distance between the origin and the
(m — 1)-dimensional faces of P.) By (7.6), for each j there exists @’ such that

xiex'+uB and  f,(xX)KA24f(x), VYaxd. (1.9)

Put &=max{a’|j=0,1,.,m}, and consider any a>d We have
x/, € x/ + uB for every j (by (7.9)), hence uB < conv,{x}} (by (7.8)). Then
for any x € uB we obtain

Falx) < max{ £,(el)} (quasi-convexity of f,),
<A/2+ m;lx{fw(x’)} (by (7.9)),
<A+/,(0) (by (7.7), (1.5)).
This completes the proof.
We present two theorems summarizing the main finite-dimensional

refinements of the earlier results for P,(v,), P,(v,).., P(v ). The first deals
with the nonconvex case.
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THEOREM 12. Assume that X is finite-dimensional and that f,—f,,
where f. is proper. Let D, be such that there exists a proper convex lower
semicontinuous function k on X such that k<f, and {x € X|k(x)—
{x, ) < &} is nonempty and bounded for some &€ R. Assume also that
there exist r < +00 and & such that

[, (x)=+0o whenever || x|| > r, Ya>a. (7.10)

Then there exists > QO such that each of the following properties holds for
C={eV||v—o.| <ul

(a) Whenever v,— v, € C and 0 < ¢,— 0, one has
@#limQ, (v,,¢,)< 2, (v, 0), (7.11)
limw,(v,) =w,(v,)ER. (7.12)
(b) More generally, whenever (x,), (v,), v, (€,) satisfy
x, €2, (v,,8,) v,V EC, 0<e, -0, (7.13)
one has
lim(f, (x,) — (x . v)) =limw,(v,)=w,(v,) ER (7.14)
and the existence of (f) < (a) and x, such that
Xp— X € R (Vy, 0). (7.15)

(c) The functions w, converge pointwise to w_, everywhere on C, and
this convergence is uniform on {v €V |||v — 0 )| < &} for every g€ (0, u).

(d) Whenever v,—-v,€C,0<¢,-0and:z,— z,, the approximate
directional derivative functions wl(v; z) (defined in (5.14)) satisfy

(W) (V03 20) Llim(w,); (243 2,)- (7.16)

(e) Whenever v,—» v, ,EC, 0K e, —~0 and y > 0, there exists G such
that

02,0, 6,) R (vy,0)+yB, Ya > d, (7.17)
2.(v,.8,)<=2,(vy,,0)+7yB, VYaxd. (7.18)

(The sets Q(v, €) are defined in (2.13)-(2.15).)

Proof. Parts (a), (b) and (d) will follow basically from Lemma 3,
Lemma 4 and Theorem 8 and its Corollary. Then, parts (c) and (e) will
follow from (a) and (d), with the aid of [40, Theorem 10.8]. We begin by
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observing that f, —f., and (7.10) imply epi /X c limepi ¥, by Lemma 3
together with (2.2) and Lemma 1(a). (Note: Lemma 1(a) and f, - f_, imply
that (7.10) applies also to a = 00.) Since the functions f} are convex,
Lemma 4 will apply to 7, provided we can show 7 € int(dom f¥). For
this, observe that k  f,, implies /X < k*, hence int(dom k*) c int(dom fX).
Furthermore, the assumed nonemptiness and boundedness of some lower
level set of k — (-, 7, is equivalent to 7, € int(dom k*). (See, for example,
[40, Theorem 27.1(d)(f)], or the Moreau and Rockafellar results used in the
proof of Theorem 8.) Therefore Lemma 4 implies there exist M < 400, u > 0,
a such that

fHo)<M, YvED, +uB, VYa=a,.., ©. (7.19)

It follows that
U, +uBcdomf¥, Ya = a,..., 0. (7.20)
R* <A LS,  VYa=a,.., o, (7.21)

where £ is the function defined on V by

ho) = M if L’E‘ﬁm—\‘-uB,
+ 00 otherwise.

By (7.21), Theorem 8 applies, yielding parts (a) and (b), and the Corollary
to Theorem 8 applies also, yielding part (d). For (c), observe that from
fo®E + and Lemma 1(a) we have w_(-) < +oo for all a sufficiently large.
Then by (7.20) and (7.12) it follows that the w,, for all a sufficiently large,
are finite everywhere on C and converge pointwise to w, there. Therefore,
(¢) follows from [40, Theorem 10.8]. Finally, consider part (e). Clearly, it
suffices to show (7.17) just in the case of 0 < ¢, — 0. Suppose it fails. Then
there exist v, » v, € C, 0 <g,—0, y > 0 for which

vy, 8) €02 (v, 0) + B
occurs on some subsequence () — (). For each f € (8) pick x, such that
X3 € Q4(vg,65) but  x, €02 (v,,,0)+ yB.

By (7.10), we can assume that x;— x for some x_. Then (7.11) implies
Xo € 2..(vy,0). We have reached the absurdity

0<y<|

Xy — X, || - 0.
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Thus, (7.17) holds. For (7.18), let v, » v, € C, 0< ¢, — 0 be given. By (d),
(W) (V3 2) Klim(w, ), (v,32),  VzEV. (7.22)

Furthermore, the functions (w,); (v,;-) for all a sufficiently large and for
a= oo are finite. Indeed (setting ¢, =0 to cover a = co simultaneously),
(5.16) yields

(@), (Va3 ) = inf{(x, )| X € 2,(v,, €)1 (7.23)

Now pick d>a (where @ is as in (7.20)) so that v, € C and also
w,(-) < +oo for all @ > a. Then for any a =d,.... oo it follows from (7.20)
that v, € int(dom f*), and hence from [40, Theorem 27.1(d)(f)| and (2.15)
that 2,(v,,e,) is nonempty and bounded. By (7.23), this shows
(w,);, (v, -) is everywhere finite for all @ = d,..., c0. Now let y > 0 be given.
By (7.22) and [40, Corollary 10.8.1] there exists d > & such that, for any
a>d,

(@i W3 2) — V< (@)}, (va32).  VZEB.
By positive homogeneity (see (7.23)) this implies
(@e)s (V3 2) — V2l K (wo)i, (va32),  VZEV,
and by (7.23) this yields

Wﬁm(uw,onw = Wﬁx(uw.o) + yyg > Wf‘;'a(vn.e,,)

(where yg denotes the function having value 0 on S and +o0 off S). Taking
conjugates yields

Vel (00,0 498 S Vel (0,60

that is,
ol 2,(v,,¢,) € cl(Q,(vy,, 0) + ¥B).

Since the sets 2_(v,, £,) are closed (as well as convex) and yB is compact,
the closure operations here are redundant (e.g., [40, Corollary 9.1.2 and
Theorem 8.4]). This establishes (7.18) and completes the proof.

Now consider the convex case.

THEOREM 13. Assume that X is finite-dimensional and that f,—-f,,
where each function f|,f..- [, is proper convex and lower semicontinuous.
Let v, be such that {x € X | f,(x)— {x, V) L &} is nonempty and bounded
for some EE R. Then there exists 4 >0 such that each of the following
properties holds for C= {vE V|||v — Tl < u}.
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(a) Whenever v,—»v € C and 0e, -0, one has
@+imQ,(v,,¢6,)<c,(v,.0) (7.24)
limw,(v,)=w,(v,)ER. (7.25)
(b) More generally, whenever (x,), (v,), Uy, (€,) satisfy
X, € R (v, €,) v, U, €C, 0<e, -0, (7.26)
one has
im(f,(x,) — (x,,Vy)) =limw, (v,) =w (v,) ER (7.27)
and the existence of (8) — (a) and x, such that
Xp— X, € 2,(0y,0). (7.28)

(c) The functions w, converge pointwise to w, everywhere on C, and
this convergence is uniform on {v €V |||v — 0 || < &} for every g € (0, u).

(d) Whenever v,-v,€C,0<¢,—0andz,~z,, the approximate
directional derivative functions w{v; z) (defined in (5.14)) satisfy

(W) (005 20) S lim(w,); (V45 2a)- (7.29)

(e) Whenever v, - v, € C,0¢,—0 and y> 0, there exists d such
that

2,0,,€,)c2.,.(v.,0)+yB, Ya > d. (7.30)

Proof. This is much the same as the proof of Theorem 12, so we only
remark on a few points. The role of (7.10) and Lemma 3 is played here by
convexity and Theorem 1. The refinement in part (a) from 0<¢,—0 to
0 ¢, — 0 follows from convexity of the f,.’s. (See the end of the proof of
Theorem 8 and also the proof of (6.10) in Proposition 3.) Lacking (7.10)
here, the proof of (7.30) follows that of (7.18) rather than (7.17).

Some of the results in Theorem 13 can reportedly be derived using the
recent results of Attouch and Wets [7], to which we have not had access.

We conclude by giving results which can be regarded as dual to those of
Theorem 13.

THEOREM 14. Assume that X is finite-dimensional and that f,—f..,
where f, is proper convex for all a = 4,..., ©. Let X, € int(dom f). Then
there exists u >0 such that each of the following properties holds for
C={xEX||lx— X, <ul
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(a) Whenever x, - x,, € C and 0 ¢, - 0, one has
@+ 1im 8, f,(x,) € &y foo(Xo0)s (7.31)
lim f,(x,)=/f.(x,) ER. (7.32)
(b) More generally, whenever (x,), x,., (v,), (€,) satisfy
v, €0, fo(x,) X, —=+x,.€C, 0<e, -0, (7.33)

one has
lim igf{fa(x) —{x—x, 00t =limf (x,)=f (x,)ER  (7.34)

and the existence of (f) < (a) and v, such that
V= Lo € o foo(Xeo)s (7.35)
lim((xg, vg) — f3(x)) —fp(xp)) = lim fF(vg) =/ () ER. (7.36)

(c) The functions f, converge pointwise to f, everywhere on C, and
this convergence is uniform on {x € X ||| x — X || < &} for every g€ (0, ).

(d) Whenever x,-+x,€C,0<¢e,—-0and z, -z, the approximate
directional derivative functions f(x; z) (defined in (5.26)) satisfy

m(f,)i, (%03 2,) < (foo)s (K3 200)- (7.37)

(e) Whenever x,—»x,€C, 0,0 and y > 0, there exists & such
that

at:a.fa(xa)Ca()./‘oo(xoo) + VB, Va?d- (7.38)

Proof. Like that of Theorems 12 and 13. Theorem 9 and its Corollary
play the role of Theorem 8 and its Corollary. Note that for part (e) one
needs the fact that, for some 4, the sets &, f,(x,) are nonempty and bounded
for all a =4,..., 0. For boundedness, see (5.25); for nonemptiness, observe
that @ # 9, f,(x,) <0, f.(x,) follows from f, being proper convex and
bounded above around 'Sca (by (7.2)).
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